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In this paper we show that the Lie algebra associated to the descending 
central series of a finitely generated group with a single “primitive” defining 
relation is a Lie algebra with a single defining relation. The proof uses 
results of [I]. 
1. STATEMENT OF THE THEOREM 
The descending central series of a group G is the sequence of subgroups G, 
(n 3 1) defined inductively by 
G, = G, G,, = (G ‘3, 
where (G, G,) denotes the subgroup of G generated by the commutators 
(x, y) = x-iy-%y with x E G, y  E G, . The associated graded Abelian group 
gr(G) = @G,/G,+l (n > l), has the structure of a graded Lie algebra over 
the ring Z of integers, the bracket operation in gr(G) being induced by the 
commutator operation in G (cf. [2], [3], [6]). The construction of the Lie 
algebra gr(G) uses only the fact that (G,) is a sequence of subgroups of G 
with the following properties: 
(i) G1 = G, 
(4 G,, C G, , 
(iii) (G , GJ C G,+, ; 
such a family of subgroups is called a filtration of G. 
Let F be the free group on the m letters x1 ,..., x, , and let (F,) be the 
descending central series of F. I f  & is the image of xi in grJF) = F/(F, F), 
then the Lie algebra gr(F) associated to (F,J is a free Lie algebra over 2 
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with basis 5: 1 ,,.., &,, (cf. kc. cit.). If x is an element of F, its wkght W(X) 
(with respect to (FJ) is defined by 
w(x) = Sup{n : x EFJ; 
we have w(x) = co, if and only if x = 1. An element x EF is said to be 
primitiwe (with respect to (F,J) if x f 1 and if x is not an nth power module 
F w(zj+1 for any integer n > 1. 
THEOREM. Let I be a primitive element of the free group F, and let e = W(Y) 
be the weight of Y. Let R be the ~~~ blip ofF generated by Y, and let G 
be the quotient F/R. Let gr(F) amZ gr{G) be respective& the Lie argebras associated 
to the descending central series of F and G. Let p be the image of I in gr,(F), 
and let t be the ideal of gr(F) generated by p. Then r is the kernel of the canonical 
homomorphism of gr(F) onto gr(G), i.e., 
Morewer, for ail n > I, the Abe&an group grJG) is a free Z-module whose 
rank g, is given by the formula 
In particular, g, depends only on n, e, and m. 
COROLLARY. Under the same hypotheses as the theorem, let R, = R r? F,, , 
and Eet gr(R) be the Lie algebra associated to the filtration (R,) of R. Then, 
if we identiltj, gr(R) with its ~~~cai inoqp” in gr(F), we have t: = gr(R). 
In fact, the canonical sequence 
is exact. 
0 + gr(R) -+ gr(F) -+ gr(F/R) -+ 0 
The above theorem extends results obtained by Waldinger [s] (see also 
M.R. 34, #228). Its proof is contained implicitly in [l]. 
2. PRELIMINARIES 
2.1. The (x, T)-Fi~~ati~ of a Free Group 
Let F be the free group on the m letters X, ,..., x, , and let TV ,..., 7% be 
integers 21. Let T,, be the set of elements of the form ~$6 with B = f I, 
7t = n, and define subsets S,, (n > 1) of F inductively as follows: S, = TI , 
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and for n >, 1, S,, = T,, u T,,‘, where T,’ is the set of elements of the 
form (s,s’)( with E = i-1, SE&, s’ES**, k+k’=n. Let F, be the 
subgroup of F generated by the S, with k 2 n. Then Fl = F, F,,+l C F, , 
and an easy calculation using the formulae 
shows that (FR , Fk) C F,,+k . The filtration (FR) is cafied the (s, +filtration 
of F; if rr = 1 for ah i, then (FJ is the descending central series of F. 
PROPOSITION 1. Let (FJ be the (x, T)-filfiatlon of the free group F. Z,et 
gr(F) be the associated Lie akebra, mrd let It be the image of Xi in gr7,(F). 
Tken gr(F) is a f;ee Lie a&ebra over Z with basis & ,... , &, . 
The proof of this proposition when all the oh’s are equal to 1 is well known 
(cf. (21, 1.31, [q); the proof for the general case is exactly the same. 
PROPOSITION 2. Let (FJ be the (x, T)-$&n&m of the free group F, let 
(F, F), = (F, F) n F, , mrd let gr((F, 1;3) be the Lie algebm associated to the 
jiZtratb ((I;, F),J of (F, F). Then 
&FV+~ grO1 = grW F))- (2) 
Roof. Since F/(F, F) is Abelian, we have 
IN9 tiJ91 C gr(P? J% 
Moreover, since (F,F)n is generated module (F, F)a+r by the set T,,‘, we 
have equality. 
2.2. Some RRnrlts OR Lie Algebras With a Single ~~~ hectic 
Let k be a commutative integral domain with unity, and let L be the 
free Lie algebra over k on the letters & (i E I). Let p be a non-zero element 
of L, let r = (p) be the ideal of L generated by p, and let 9 = L/r be the 
quotient ofL by t. If U is tire universal enveloping algebra of g, the adjoint 
representation of L defines the structure of a U-module on r/[r, r]; this 
module is generated by the image ; of p in r/[r, r]. 
PROPOSITION 3. If Q = L/r i a free k-module, then r/[r, t] z? a free 
Z.h&dUkWithbUSiS~~ 
For the proof see [JJ, p. 145. 
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PROPOSITION 4. Suppose that k is principal, and thut L is of rank m < CO. 
Let (L,,),,,l be a gnzding of the Lie algesra L in whick the basis & ,..., &,, is 
homogeneous. Suppose that p EL, , andthatp~mLfotanyma&nalidealm 
of k. Then the Lie algebra g = L/(p) is a free graded k-module. Moreover, 
if all & are of degree 1, the rank g,, of the nth homogeneous component of g 
is given lpy (1). 
Proof. The proof of this proposition, except for the assertion about the 
rank of g,, , can be found in [Z]. As for the rank of g, , one has the following 
formula (cf. [I], pp. 142, 148): 
1 - mt + lb = n (1 - t”)O”. 
n,l 
Taking logarithms, we obtain 
& (mt - t*W = C g,Wj, 
I.%21 
and equating the coefficients of tn gives 
Multiplying both sides by n, and using the Mobius inversion formula, we 
arrive at the formula (1). 
3. PROOF OF THE THEOREM 
Let R,, = R n F,, , and let gr(R) be the Lie algebra associated to the 
filtration (R,,) of R. Identifying gr(R) with its canonical image in gr(F), 
we have t C gr(R). An easy inductive argument shows that 1: = gr(R) if 
and only if the induced homomorphism 
is surjective. 
Let U and u’ be respectively the universal enveloping algebras of 
g = gr(F)/r and gr(G) = gr(F)/gr(R). The canonical homomorphism 
Q : U + U’ is surjective and compatible with 8; i.e., for all x E r/[r, r], u E U, 
qu - x) = l)(u) - B(x). 
Let M = R/(R, R), and let M,, be the image of R,, in M. Then (M,,) is a 
filtration of M, and we have 
gr(M) = MWgr((R, RN, (3) 
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where gr((R, R)) is the Lie algebra associated to the filtration ((R, R) R F,) 
of (R, R). Since gr(M) is an Abelian Lie algebra, we have a canonical 
surjection 
8’ : ~4Wl&(~)~ gr(41 - SW, (4) 
and (3) shows that 8’ is bijective in degree n if and only if 
Let R (resp. X’) be the group ring of F (resp. G) over 2, and let I (resp. J) 
be the augmentation ideal of /l (resp. F), and let gr(ll) (resp. gr(2’)) be 
the graded algebra associated to the I-adic (resp. J-adic) filtration of A 
(resp. r). Since the descending central series of F is induced by the I-adic 
filtration of (1, then canonically 
and gr(/l) is the universal enveloping algebra of gr(F). Moreover, if % is 
the ideal of gr(d) generated by gr(R), the kernel of the canonical homomor- 
phism of gr(cl) onto gr(F) contains %, and U’ is canonically isomorphic 
to gr(~~~~. Hence, we obtain a surjective homomorphism 
In addition, gr(iPf) is a gr(F)-module, since 
and 6’ is compatible with $‘. 
We now show that 8, and 8’ are bijective. The proof is by induction on 
the degrees. Suppose then that 8 and 8’ are bijective in degrees n < k. 
Since rs = gr,(R) for n < e (the weight of r), we may assume that k 2 e. 
I. Thek ~rph~ 6 is inject&e in degree k. In fact, we have r% = gr@) 
for A < k, since 0 is bijective for n < k. Hence, 
rr, & = r@m !i!wlk 9 (6) 
since both sides of (6) are known once we know r, and gr,(R) for n CC k. 
This shows that 8 is injective in degree k. 
II. The homomorphism 8’ is btjective in degree k. We have to show that 
(5) is true for n = k. To do this we will construct a subgroup H of R 
generated by a finite number of elements z, ,..., zt such that 
(i) H is a free group with basis g1 )..., zt ; 
(ii) If ri is the weight of a; with respect to (F,), and if H,, = H n F;, , 
then (H,J is the (zr, r)-fil~tion of H; 
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(iii) If gr(H) is th e graded Lie algebra associated to the filtration (H,), 
then gr,,(H) = gr,(R) for n < k. 
If we admit the existence of such a subgroup H, we see that 
gW% HI) = s&R fO), 
for n < k. Since by Proposition 2 we have 
gr&H, HN = Cgr(fQ grW)l,~ 
(7) 
(81 
for all n, we have 
which implies the bijectivity of 0’ in degree k. 
Now let us construct H. We first remark that r is a free graded Lie algebra 
over 2, since, by the primitivity of P and Proposition 4, gr(~)~r is a free 
Z-module (cf. Witt [7], Satz [S]; or [I], Prop. 2). Choose a homogeneous 
basis of the free Lie algebra t, and let 4 ,..., & be the elements of this basis 
which are of degree <k. If ri is the degree of 4 , choose xi E R?, whose 
image in gr,{(R) is z+, and let N be the subgroup generated by a; ,..., zt. 
Then (iii) is satisfied, and, in order to verify (i) and (ii), we let E be the 
free group on the letters x1 ,.-., zt, and we let (E,) be the (z, 7)-filtration 
of E. The homomorphism (Y : E + H defined by +) = q sends E, into 
H, , and if & is the image of z, in gr,i(E), the induced homomorphism 
a* : gr(E) - gr(fO 
sends & into pi. Since %r ,..., & is part of a basis of the free Lie aigebra r, 
we see that CL.+ is injective. It follows that c( is injective, and hence bijective. 
Moreover, if H,’ = CX(E,), we have H,’ = HI = H, and if H,’ = H,, for 
n = s, the injectivity of 
shows that iYi,1 = H,,, ; hence, by induction, H,’ = Ha for all II. This 
completes the verification of (i), (ii), and (iii). 
III. The homomorphism 0 is surjective in degree k. It suflices to show that 
8” = 8’ o 6 is surjective in degree k. Let 8 be a non-zero element of gr,(lM), 
and let b E Af& be an element whose image in ~~(~) is fl. If F is the image 
of r in M, we have b = v - i for some v in the group ring I’ of G. Since 
8” is injective in degree e, we have TE M, , f$ iWe+1 . Hence, if 
i = Sup{?8 : 0 E “T”>, 
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where J is the augmentation ideal of r = Z[G’J, we have i + e < k since 
6 $ Mk+l and Ji . M, C iI&+, . Let 6 be the image of v in gri(ZJ = J”/J”+i, 
and let I( be an element of lJ, with #‘($(u)) = C. Then, if p is the image 
of p in r/[r, r], we have u *ii # 0 since u f 0 and since, by Proposition 3, 
t/[r, r] is a free U-module with basis p’. Hence, if #” = #’ 0 #, we have 
0 # ep ’ li;) = tb”(u) - t?“(j5) 
because u *p’ is homogen~us of degree i + e < K and 9” is injective in 
degrees <A. But q(u) * 0”@) is th e image of b = v * J in gr#+,(M). Hence 
i + e = k, since b E Mk . It follows that /! = B”(u *$), and hence that 8” 
is surjective in degree k. 
By induction, it follows that 8 and 0’ are bijective, and consequently 
that r = gr(R). The assertion about the freeness and rank of gr,,(G) now 
follows from Proposition 4. Q.E.D. 
In the course of the proof we have shown that the homomorphism 
#’ : gr(A)/R + gr(IJ is bijective. Moreover, since gr(G) is a free Z-module, 
the B~~~-Wi~ theorem tells us that the canonical homomorphism 9 of 
gr(G) into its univeraaI envelopping algebra ~~)~R is injective. Since the 
canon&i homomo~h~m c : gr(G) -+ gr(F) is equal to # 0 (P, it follows 
that L is injective, hence the following result: 
COROLLARY. Undkr the hypotheses of the theorem, let J be the augmentation 
&al ojZ[q. Then the dkmding central series of G is induced by the J-adic 
$&ration ojZ[q. 
Using a result of Quillen [4], tbii corollary also follows directly from 
the fact that gr(G) is torsion-free. 
Remarks. The proof of the Theorem easily general&s to cover the 
case where (F,,) is an arbitrary (x, +fihration of F. The results are the same 
except that formula (1) haa to be mod&d. focus results can also be 
obtained for the descending p-cent& series, providing that p is a prime 
number # 2 (cf. [Z]); the descending p-central series of a group G is the 
filtration of G defined by Gr = G and G,,,., = G,a(G, G,,) for n & 1. 
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